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Focusing by symmetrical triplets is studied for the linear accelerator
lattices in recirculating muon accelerators with several passes where the
ratio of final to initial muon energy is about four. Triplet and FODO lat-
tices are compared. At similar acceptance, triplet lattices have straight
sections for the RF cavities that are about twice as long as in FODO lat-
tices. For the same energy gain, the total lengths of the linear accelerators




The focusing lattice in the linear acceleration module of the recirculating linear ac-
celerators of a neutrino factory must focus the muon beam for all passes at different
energies, at constant gradient in the quadrupoles. At the entrance to the first linear
accelerator of the first recirculator, the muon energies are typically 2, 4, 6 and 8 GeV.
There is a factor of four between the highest and the lowest energy.
Previously, I had assumed a simple FODO lattice with equidistant quadrupoles of
equal strengths [1, 2]. In this case the phase advances in the horizontal and vertical







at the lowest energy, 2 GeV, such that the maximum value of the
amplitude function ) took the minimum value for a given quadrupole spacing. At the
higher energies, the phase advances were correspondingly smaller, but still the same
in the two planes, and the FODO lattice was stable for all passes.
A lattice consisting of symmetrical triplets has been proposed in the neutrino fac-
tory study at Fermilab [3]. Here, a central quadrupole is surrounded by two quadrupoles
that have typically half the length. In order to ensure stability of this lattice at low
phase advance, the strength of the central quadrupole must be approximately equal
and opposite to the strengths of the two outer quadrupoles together.
In the following chapters, I discuss the symmetrical triplets, the acceptance for
the energies of the four passes through the two linear accelerators in both RLA1 and
RLA2, and the quadrupole strengths.




of the first triplet period in the
linear accelerators. The tunes and chromaticities of the FODO cells are * 1#&%'  #( 
and *0/ $2#%3ﬂ44  # .




10 0.291118 0.209932  0.451988  0.202523
16 0.278272 0.207731  0.414073  0.205100
60 0.258933 0.215692  0.357579  0.233514
90 0.256151 0.219595  0.348611  0.243678
2 MATCHING
In the following, I assume that the strength of the outer quadrupoles is exactly one half
of that of the central one. I achieve this by making the lengths of the former exactly one
half of that of the latter, and giving them equal and opposite values of the normalised
gradient 6

. For a straight section of length 5 between the triplets, the minimum value
of the ) -function at either end is ) 75 . Incidentally, the value of the ) -function at
the centre of the straight section is ) 859ﬂ . For the pass with the lowest energy, I fix
2
the distance between the central and outer quadrupoles, and adjust the only remaining
parameter 6

such that I achieve the minimum value ) :5 at the ends of the straight
section in the plane where the central quadrupole is focusing. Figure 1 shows the
results of the matching for the four passes in the case where 5;  # m. The vertical
amplitude function )- in the straight section is always higher than the horizontal one
)+ . Of course, it is possible to match a triplet lattice at 2 GeV such that the minimum
value of the ) -functions is reached in both planes. However, this lattice is unstable at





the first triplet period in the four linear accelerators. While *,- and *0/
+
are similar in
triplet and FODO lattices, *,+ and in particular *,/
-
are higher in triplet than in FODO
lattices [4].
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Figure 1: Amplitude functions HI and HJ in a symmetrical triplet lattice with KMLONﬁP m.
The energies are 2 and 4 GeV in the upper row, and 6 and 8 GeV in the lower row,




Table 2 shows the parameters in the first linear accelerator of RLA1. The values of )+
and )- are from MAD [5] output. In the straight section )- is always larger than )+ .
The normalized acceptance QR- is the smaller of the two acceptances. It is calculated







Here SUT^V_`44&%' mm is the radius of the beam ports of the super-conducting LEP
RF cavities, once the conical end pieces are removed, and \ is the usual relativistic
factor. The factor 3 appearing in (1) is my standard value for the ratio SUTWVXa , where a
is the RMS beam radius. In earlier writings, the acceptance was a factor Y Z $4 times
larger than the emittance. This was sometimes confusing. Now, I divide the aperture
radius SUT^V by 3 in (1). Hence, there is space for 3 a when normalized acceptance
and normalized emittance are equal. In my muon storage ring designs [6, 7], the
normalized emittance is b   %'cc( mm. Table 2 shows that a free space 5ed  # m
is needed to achieve it. It also shows that the acceptance is monotonically increasing
with the energy f .
Table 2: Parameters of the first linear accelerator in RLA1. The free space between
the triplets is called 5 . The values of )+ and )- are taken at the ends of the free space.
The acceptance QR- is calculated from (1).
5 /m f /GeV 2 4 6 8
14 )+ /m 14 24.261 36.812 49.562
14 )- /m 16.722 28.819 41.494 54.281
14 QR- /mm 1.238957 1.437791 1.497892 1.52671
12 )+ /m 12 21.135 32.228 43.483
12 )- /m 14.779 25.549 36.751 48.038
12 QR- /mm 1.401843 1.621812 1.691206 1.725121
10 )+ /m 10 18.002 27.628 37.38
10 )- /m 12.863 22.274 31.99 41.768
10 QR- /mm 1.610654 1.860271 1.942905 1.984088
Table 3 shows the parameters in the second linear accelerator of RLA1. At its en-
trance, the muons have energies 3, 5, 7, and 9 GeV. The calculation is analogous to that
leading to Table 2. The acceptances are again monotonically increasing functions of
the muon energy f . A free space 5M!  c m is enough to accommodate the normalized
emittance.
To get an idea of the straight section lengths in the two linear accelerators for
RLA2, with energies 10 and 15 GeV at the entrance, (1) can be solved for )- , with
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Table 3: Parameters of the second linear accelerator in RLA1. The free space between
the triplets is called 5 . The values of )+ and )- are taken at the ends of the free space.
The acceptance QR- is calculated from (1).
5 /m GeV 3 5 7 9
20 )+ /m 20 28.203 39.169 50.495
20 )- /m 22.63 33.022 44.233 55.639
20 QR- /mm 1.373255 1.568488 1.639329 1.675628
16 )+ /m 16 22.886 31.997 41.383
16 )- /m 18.681 27.449 36.768 46.223
16 QR- /mm 1.663549 1.88694 1.972162 2.016968
14 )+ /m 14 20.224 28.401 36.812
14 )- /m 16.722 24.658 33.022 41.494




%'cc( mm. The answers are )- !Oc m and )- !O4Y m, respectively. Tables 4
and 5 show the computed results. They confirm that straight section lengths 5g!$c# m
and 5.!:4ﬂ# m have approximately the acceptance needed.
Table 4: Parameters of the first linear accelerator in RLA2. The free space between
the triplets is called 5 . The values of )+ and )- are taken at the ends of the free space.
The acceptance QR- is calculated from (1).
5 /m GeV 10 20 30 40
70 )+ /m 70 110.752 162.91 216.349
70 )- /m 72.618 118.517 171.021 224.561
70 QR- /mm 1.426495 1.74809 1.817131 1.845186
60 )+ /m 60 95.381 140.55 186.804
60 )- /m 62.602 102.671 148.157 194.503
60 QR- /mm 1.654727 2.017887 2.097556 2.130337
50 )+ /m 50 79.99 118.146 157.193
50 )- /m 52.588 86.772 125.214 164.345
50 QR- /mm 1.969826 2.387618 2.481892 2.521262
4 QUADRUPOLES
The matching jobs that led to Tables 2 and 5 also contain the information needed to
design the quadrupoles of the triplets. Their lengths are fixed fairly arbitrarily, their
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Table 5: Parameters of the second linear accelerator in RLA2. The free space between
the triplets is called 5 . The values of )+ and )- are taken at the ends of the free space.
The acceptance QR- is calculated from (1).
5 /m GeV 15 25 35 45
100 )+ /m 100 133.707 180.722 229.805
100 )- /m 102.664 142.326 189.98 239.269
100 QR- /mm 1.513518 1.819576 1.908423 1.948232
90 )+ /m 90 120.561 163.12 207.532
90 )- /m 92.649 128.799 171.961 216.568
90 QR- /mm 1.677124 2.010676 2.108398 2.152448
80 )+ /m 80 107.407 145.502 185.236
80 )- /m 82.634 115.246 153.905 193.821
80 QR- /mm 1.880386 2.247133 2.355754 2.405062
strengths 6

and the maximum values of the ) -functions h) in them are computed.
Table 6 summarizes the results. For each of the four linear accelerators, I take the
straight section length 5 where the acceptance is close to the design value. I compute






It is not surprising that the aperture radius of the QD quadrupoles is practically the
same as the beam port radius of the RF cavities. Since I inspect the ) -functions only at
the entrance and exit of the QD, I miss the maximum value inside. Hence the aperture
radii listed are slightly too small. The aperture radius of the QF quadrupoles is larger,
as expected from Figure 1, and I do see the maximum value of the ) -function, since the
QF quadrupole is split at its centre. The quadrupole pole tip fields are computed from
the gradient and the aperture radius. They assume that the triplet lattice has constant
betatron wavelength, and that the energies and the ends of the four linear accelerators
are 3, 4, 15 and 20 GeV.
5 COMPARISON WITH FODO LATTICES
In the following discussion of RF parameters, I assume that LEP cavities are used. A
four-cell LEP cavity has &mnT^Vo!  %( m effective length, Y&mnT^Ve!O&%ﬂ m geometrical
length, and 10 MV peak RF voltage. The two end flanges of a module together have
about 1.3 m length. I use these parameters in the comparison of FODO and triplet
lattices. In the FODO lattices of the recirculating linear accelerators [1, 2], there is
one four-cell LEP RF cavity in every half cell of RLA1, and a module of four four-
cell LEP RF cavities in every half cell of RLA2. Each of the two linear accelerators
6
Table 6: Quadrupole parameters strength 6

, h)+ and h)- , aperture radii SWi , and pole
tip fields p i . All QF quadrupoles are 1 m long; all QD quadrupoles 0.5 m long. The




/m  Z h)+ SWi /mm p i /T h)- SWi /mm p i /T
10 0.4656508 24.039 138 0.644 12.862 101 0.471
16 0.3800995 31.715 129 0.656 18.681 99 0.504
60 0.2080143 84.614 116 1.21 62.601 100 1.04
90 0.1817204 118.984 112 0.964 92.649 99 1.13
of RLA1 consists of 100 half cells, is about 340 m long and has 1 GV total peak RF
voltage, corresponding to an average voltage gradient 2.94 MV/m. Each of the two
linear accelerators of RLA2 consists of 128 half cells, is about 1900 m long, and has
5 GV total peak RF voltage, corresponding to an average voltage gradient 2.63 MV/m.
In RLA1 with triplet focusing, the free space of length 5 between the quadrupoles
suffices for one module with three four-cell LEP cavities in the first, and for one mod-
ule with four four-cell LEP cavities in the second linear accelerator. Hence, we need
about 33 triplet periods with a total length of about 462 m to achieve 1 GV total peak
RF voltage at 2.16 MV/m average gradient in the first, and about 25 triplet periods
with a total length of about 500 m to achieve 1 GV total peak RF voltage at 2 MV/m
average gradient in the second linear accelerator. In practice, the two linear acceler-
ators must have the same length. I conclude that the linear accelerators with triplet
lattices are longer than those with FODO lattices. In RLA2, the free space of length
5 between the quadrupoles suffice for four modules with four four-cell LEP cavities
in the first, and for seven modules with four four-cell LEP cavities in the second lin-
ear accelerator. Hence, we need about 31 triplet periods with a total length of about
1984 m to achieve 5 GV total peak RF voltage at 2.52 MV/m average gradient in the
first, and about 18 triplet periods with a total length of about 1692 m to achieve 5 GV
total peak RF voltage at 2.96 MV/m average gradient in the second linear accelerator.
In practice, the two linear accelerators must have the same length. I conclude that the
linear accelerators with triplet lattices are about as long as those with FODO lattices.
In the FODO lattices, a quadrupole was installed every 3&mnT^V1!q3 m in RLA1,
and every  (&%'&mWTWV"!   m in RLA2. The total number of quadrupoles in the linear
accelerators is 100 in RLA1 and 128 in RLA2. In the triplet lattices discussed here,
there are three quadrupoles about every 14, 20, 64 and 94 m. The total number of
quadrupoles in the linear accelerators is 174 in RLA1 and 147 in RLA2. The number
of quadrupoles is higher with triplet lattices.
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6 CONCLUSIONS
Symmetrical triplet lattices for recirculating linear accelerators focus muon beams for
several passes, where the ratio of the final to the initial muon energy is about four. The
drift spaces between the quadrupole triplets are about twice as long as those in FODO
lattices with similar acceptance. This may be the only good thing about triplet lattices,
and simplify the design of the spreaders and recombiners between the linear accelera-
tors and the arcs [3]. The linear accelerators with triplet focusing are not shorter than
with FODO focusing. This may be improved by packing the RF accelerating mod-
ules and the quadrupole triplets more closely, after more detailed studies including the
engineering of these components.
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